The sketch of the proof using BSDE of a homogenization result for semi-linear PDE with a divergence-form operator is given here. The method employed here relies on the use of a weak topology.
Introduction
A Backward Stochastic Differential Equation (BSDE) may be associated to a semi-linear PDE of the type [u(T, x) = g(x) and u(i, x) = 0 on dO for any t G [s, T) , where L is a second-order differential operator, and Ο is an open domain of R N . In some cases, if X is a stochastic process whose infinitesimal generator is L, and if M x is its martingale part, there exists a unique couple of processes (Y«, Z t ) t€ [ , |T ] such that :_= 9(*r x ) + I, 7 A(r, XJ' X , Yr, Z r ) dr -£ Z r dM?, , < t ζ Τ, Φ,^τ |Υ*Ι 2 + Jf l|Z t || 2 cU] < +00,
I Y t and Z t are progressively measurable w.r.t. a(XJ' z ,s ^r ^t).
The processes Υ and Ζ are adapted to the filtration generated by X* |Z . The final value YT is known, and we are interested in finding the initial value of Y. This value Y 0 is a(X,)-adapted, hence deterministic if XJ' 1 = x. The relation between (2) and (3) has been first established by E. Pardoux and S. Peng in [PP90] , and is 
In particular, the relation (3) implies that
ii(s,
The solution of the BSDE (4) gives the solution of the semi-linear PDE, and (2) is sometimes called the non-linear Feynman-Kac formula.
In a decade, the interest on BSDEs, with or without direct relation to PDE, has grown very quickly, with some fields of applications as finance and stochastic control. In cite [EK97, PAR99a] , the reader may find some introduction to the theory of BSDE.
We give here one of the way to prove that the solutions u e to the semi-linear PDEs
converge, where L' is a divergence-form operator
and where the coefficient α and the functions x *-+ /ι(·,χ, ·,·) and x »-> /ι(·,ζ,·,·) are either periodic or correspond to stationary random field of an ergodic random media. In this case, the limit u of the sequence (u e ) c>Q is also the solution of some semi-linear PDE. This function gives the statistical behavior of the media represented by the PDE (5) in a macroscopic scale. Such a result is called an homogenization property, and is inscribed in the homogenization theory, whose goal is to approximate highly-oscillating medias by some simpler one.
The convergence of the solutions of equation (5) may be proved with analytical methods [BLP78] , but it may also be proved using the corresponding BSDE. We shall prove the convergence of the processes X e whose infinitesimal generator is L c , and identify the limit. In fact, the convergence follows from some ergodic property. We shall then work on the family of BSDE t).
With (4), the convergence of Y c to some solution Υ of some BSDE implies the convergence of u e to solution of the correspond semi-linear PDE. We obtain then the pointwise convergence of the u e , and not functional convergence as with the analytical method. There exists two families of proofs concerning homogenization property by BSDE. The first one, which will be used here and which has been initiated by fi. Pardoux and A.Y. Veretennikov [PV97] , consists in proving the convergence of Y e in a weak topology, namely the 5-topology [JAK97] . Among the related works, we may cite [PAR99b, GAU99, PO99]. The drawback of this method is that it does not allow to consider a general non-linearity in Vu, except for the special case of a quadratic non-linearity [GAU99].
The other family relies on some stability property for BSDE proved by Y. Hu and S. Peng [HU97, HP97] , and is used in [BHP98, BRJ97, BH98, CASOOj... This method allows to deal with a term non-linear in Vu, but requires more regularity on the coefficients. Both methods may also be used to prove convergence results other than homogenization.
The novelties of the present work are that the semi-linear PDE contains a first-order differential non-linear term, and that the operator is a divergence-form operator without regularity assumption on its coefficient. In this context, the process X e »*> z shall be studied using Dirichlet Form theory [FOT94, MR91] , and the solutions u e of (5) are weak solutions. The relation (3) has been developed first in the context of classical solution, when X*'
x is the solution of some stochastic differential equation (SDE). It has been then proved that BSDE also provides viscosity solution to PDE (1) (see e.g., [PAR98] ). The key element in both context is the It formula applied to u(£,XJ' z ). But in the stochastic process generated by a divergence-form operator is in general not the solution of some SDE, and the solution of (1) belongs to the space An account on non-linear parabolic PDE may be found in [LSU68] for example.
The link between BSDE and weak solution of semi-linear PDE has been highlighted first by G. Barles and E. Lesigne [BL97] , but in their case, the driving stochastic process is the solution of some SDE. In fact, it may be proved that even if the coefficient α is not regular, then the representation (3) is again valid. The reader is referred to [LEJOOa, LEJOOb] , where a regularization argument is used, and to [BPS99] , where the Fukushima Stochastic Calculus is extended. The previously cited articles, together with some other works on different types of semi-linear PDE shows that the notion of weak solution provided also a natural framework for BSDEs, although the results did not from a simple application of the It calculus.
The remainder of this paper is devoted to the homogenization property for the family of semi-linear PDEs (5). A detailed proof may be found in [LEJOOa, LEJOOb] in periodic and random media.
The homogenization property
For simplicity reason, we will treat only the case of periodic coefficient. The results given here may be easily proved in the case of the coefficient of the PDE are stationary random fields. We prove an homogenization result for the PDE (5).
We al §0 assume that Ο = R^. Else, we have to kill the processes X £ when they exit from O. We assume that
Τι is bounded (8e) The coefficient α is constants, and all the coefficients of this PDE will be identified later by (17), (18) and (14).
Homogenization of the linear part
We may assume without loss of generality that 5 = 0, and then we drop any further reference to 5.
We shall first deal we the convergence of the process X z>£ . In fact,
Hence, we have to prove some Central Limit Theorem on the process X x>1 . >From now, we drop any reference to the starting point, and we set X = X 
Convergence of the BSDE
The core of the proof can now be given. The general idea that come from E. Pardoux & A.Y. Veretennikov [PV97] consists in using a very weak topology to prove the convergence of Υ ε . In fact, proving the convergence of the process Y e in the usual topology of continuous function requires some estimates very hard to establish (see the comments p. 535 in [PAR99a] ).
The topology used here is the 5-topology introduced by A. Jakubowski in [JAK97] . The Meyer-Zheng topology may also have been used, as in [PV97] . The advantage of such topologies is that tightness criterion are easy to prove. However, the tightness of (Y e ) e >o is proved, but nothing can be said on the family (Z e ) c >o. In fact, the family of family of martingale parts (/^dM* e ) ff>0 is also tight for the S-topology, and no further reference to Z c will be done in our proof. This is why this method does not allow to deal with a general non-linear term in Vir, which corresponds to Z c . However, in our problem (see (7)), the non-linear first-order differential term add some term with Ζ ε outside the martingale part of the BSDE. The idea, which presents some novelty with respect to the previous works, consists in using the Girsanov Theorem to transform the BSDE together with the equation of w e (X c ) on a system of coupled forward-backward stochastic differential equations (FBSDE). Under the new distribution, the process Y e will also be 5-tight.
Step 1: The Girsanov transform. We set where (^f e )t^o is the filtration generated by Χ ε . As h is bounded, with the Cauchy-Schwarz inequality, there exists some constant C independent from ε such that
In particular, if Κ is a measurable event such that
Step It follows that (£(X C , Y e , M e | P)) c>0 is tight for the U χ 5 χ 5-topology (the [/-topology is the uniform topology), and we may extract a convergent subsequence -identified with the whole sequence -to some element £(X,Y, Μ |P). The processes Υ and Μ are ο priori only c dl g functions.
Step 3: Passage to the limit of (£(X e |Ρ)) β >ο· Under the new distribution P, (11) 
Step 4: Passage to limit of the BSDE. In fact, it may also be proved that Y satisfies
Step 5 
Jt Jt the the Ito formula applied to |Y -Y| 2 and the Gronwall Lemma implies that Υ = Υ and Μ = αΒ.
Step 6: Final identification. Again by some Girsanov transform, There exists a distribution Ρ under which (B t -σ" 1 / 0 A(S, X,, Y,) ds; t ^ 0) is a Brownian Motion. Under this probability P, the processes (Y t , Zt)t € [o,r] are solutions to the BSDE T Z,dB,.
Step 7: The final step. In may be proved that in fact Yg converges in to Y 0 , which is not clear at first sight because we have proved only the convergence of Y e to Υ in the S-topology, which does not implies the convergence of YJ to Yt for a fixed t. But in this case, this is true for t = 0. Hence, since YJ gives a version to the solution u e of the semi-linear PDE (5), we have then proved that u e converges pointwise to the solution of the semi-linear PDE (9).
Remark. The previous results may easily be extended to the case of systems, or for elliptic semi-linear PDEs.
